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FOREWORD

The work reported here was oricinally done under the "1‘-16
Subtask, Comparison of Lifting and Ballistic Reentry Spacecraft
for Military Purposes, Results of the initial application of
the derived expressions to evaluate glide and landing character-
istics of low L/D vehicles are described in IDA Study S-112
(Rug 1963), The derived linearized expressions have been in-
corporated in the RANGE program and are used in all aircraft
landing, lifting-reentry, and horizontal-takeoff launch vehiclr
trajectory calculations; the linear approximations are funda-
mental to all other RANGE trajectories involving lift. Subsequent
IDA documents whose results make use of these routines include
P-237 (Jan 1966), R-114 (Feb 1966), P-427 (May 1968), and P-425
(Jun 1969), This present document is assembled to provide
background detail for these aerodynamic subroutines which are

in continuing use in RANGE,
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ABSTRACT

The dependences of lift and drag coefficients on angle of attack
for bisymmetric lifting vehicles are synthesized using two simpli-
fying assumptions:

1. the axial force coefficient is independent of the angle
of attack, and

2, the normal force coefficient increases linearly with
the angle of attack.

Good agreement with experimental data is found for the value of the
angle of attack at which the maximum L/D occurs and the angle of
attack for maximum C_ in the hypersonic regime; applicability for
subsonic flight is limited to those angles of attack below the in-
ception of flow separation.

Conditions for terminal equilibrium glide and landing for air-
craft are derived from the simplified aerodynamic characteristics.

The following useful rules of thumb are obtained for super and
hypersonic vehicles with maximum L/D greater than 1.0:

1. the drag at maximum L/D is very closely twice the zero-lift drag,
2. the L/D at maximum C_ is about 0.8,

3. the angle of attack for maximum C, is about 48 deg,

4.

the ratio of the maximum C, to the C_ at L/Dmax is
approximated by 0.5 + L/Dmax’ and

5. the ratio of the normal force slope to the
maximum 1lift is closely 2.0 per radian,
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NOMENCLATURE

Reference area

Axial force coefficient

Drag coefficient

Lift coefficient

Normal force coefficient

Factor relating Cy and its o dependence
Vertical force coefficient = vertical force/%pVZaA
Drag force

Ratio of vertical force to effective weight
Axial force

Flare acceleration in g's

Lift force

Velocity

Effective weight = mass times local acceleration of
gravity less the centrifugal force due to velocity

Angle of attack

Initial angle of attack

Angle of attack at which maximum L/D occurs

Angle of attdck at which maximum vertical force (or C_) occurs
Angle of attack at which maximum or minimum Cy occurs

Flight path angle with horizontal, positive upwards

Initial or desired flight path angle

Atmospheric density
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I. INTRODUCTION

Calculation of the flight path of a point mass vehicle acting
under the influence of drag and lift forces requires, in addition to
the more commonly available dependences of these forces on Mach and
Reynolds numbers, the dependences of the lift-drag ratio and lift or
drag on the angle of attack. (With a point mass vehicle the drag and
lift are assumed to act through the center of mass; the otherwise
interesting moments are assumed to have been cancelled out by hypo-
thetical control surfaces.) A description is given here of the
synthesis of these aerodynamic force characteristics for a vehicle
configuration simplified but sufficiently general to generate flight
behavior information indicative of the performance of most real vehicles
in the angle of attack range 0-20 deg for subsonic flight and 0-50 deg

for hypersonic flight,

The subject vehicle is required to have two basic limitations.
The first is that it should have mirror symmetry in the two perpendi-
cular planes, vertical and horizontal, whose intersection forms the
longitudinal axis of the vehicle. Its second limitation, really an
extension of the symmetry limitation, is that stability and attitude
control are to be supplied by control surfaces or forces giving
negligible drag perturbation or mass expenditure. In other words it

should be a bisymmetrical body-wing configuration with symmetry not

The reproduction of this Note by IDA is a service to the author
and the professional community and does not imply IDA endorsement
of the views expressed. Its release outside IDA has been approved
in order to promote discussion of the ideas presented.



only left to right but also with symmetry in the top and bottom sur-
faces (airfoil) and having a method of attitude control that does not
disturb the symmetry. Bodies of revolution, e.g., cylindrical or
conical missile bodies, are included in the family of vehicles covered
by these limitations. The symmetry limitation is to assure that the
force normal to the vehicle is zero for zero angle of incidence be-

tween the longitudinal axis and the flight path.



II. BASIC ASSUMPTIONS

Two assumptions about the aerodynamic force characteristics of the
subject vehicle are required, from which the further necessary relations
are easily derivable, The two basic assumptions for this paper are
determined empirically from inspection of a wide range of experimental
results, The first is that the axial force coefficient, the relative
aerodynamic force in the direction of the vehicle's longitudinal axis,
is a constant independent of the angle of attack, The second is that
the normal force coefficient, the relative aerodynamic force perpendicular
to the longitudinal axic, has a quadratic dependence on the angle of at-

tack, In equation form these assumptions are

Ca constant (1)

Cw

C"a a(l - a/2a,) (2)
where a, is the angle at which a maximum or minimum value of Cy occurs.

The first assumption is good, i.e,, within 20% in the first 20°
of a, for thick delta wings (Ref, 1, Mach 3-6), excellent, i.e.,
within 10% for a < 20°, for cylindrical bodies (Ref, 2, Mach 6,.86),
but of varying applicability for sharp cones which show either a 20%
drop in C, (Ref, 2, Mach 2) or a 50% increase in C, (Ref. S, Mach 6,77)
in the first 12° of a. The accuracy of the assumption becomes poorer
as the Mach number decreases below 2, but remains within 50% at a < 12°

even at low subsonic speeds (Ref. 4).



The quadratic C, dependence on a could be made to follow the

data within a few percent up to a ~ 45° throughout the whole range of
Mach numbers if o, were allowed to vary with M, Generally a, would have
a large negative value leading to a Cy vs a curve that is slightly con-
cave upward (Refs. 1, 2, and 5). The value of @, would become closer
to zero as the Mach number increases, leading to a more nonlinear C,

Vs & curve,

A linear approximation to assumption 2 (aq, = £ ®) is generally
acceptable (deviation less than 10%) up to & = 20° and sometimes higher,
Newtonian impact theory predicts an increase in C, with a (Ref., 10),

3C,

3@ -G

that is as much as 30 to 40% greater than supported by experiment
(Refs, 11 and 12) and about 50% greater than that given by applying

the assumption C, = constant to the differential of equation 4 below.,



ITII. DERIVATION OF RELATIONS

The basic relationship is the transformation from the body re-
ference system of forces, i.e., the axial and normal forces on the
vehicle, to the flight-path reference system defined by the 1ift force
perpendicular to the flight path and the drag force parallel with the

flight path. From the force diagram in Figure 1

C. = Cycosa=Cy sina (3)
Cob = Cysina+ Cy cos a (4)
or C./Cp = tan (tan™! Cy/Cx - Q) (5)

The reverse transformation is

Cv = C_Lcos a+ Cp sin a (6)
Ch = Cpcos &=-C, sin a (7)
or Cy/Ci = tan (tan~® C_/Cp, + @) (8)

Differentiation of equation 5 with respect to a (with substitution of
equation 2) and setting the result equal to zero gives a preliminary

relation for a; at which maximum L/D occurs

YChg/Ch) (1 - a/ay) -1 (9

Q =
(Cng/Ch) (1 = 01 /26G,)
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or
(CNG/CA) (1 - 6y/a,) - 1= (Cy/Ca)* S (10)

A most useful defining parameter of the vehicle is the maximum L/D
value, Substituting equation 8 in equation 10, we obtain as an inter-

mediate result in terms of L/Dmax

sec® (tan”! L/D___
Cn,/Cr =
o« (1 - a1/0q)

+ Q) (1)

which, when substituted in equation 9, gives
-1
tan (tan L/Dmax +0p) (1 - 0a3/0,) (12)

a1= =
sec® (tan™! L/Dmax + o) (1 - a1/20,)

which can be finally simplified to

01 =% sin 2 (tan™?! L/D _, * G1) (1 - G1/04) (13)

(l = 01/20.)

X

Using this value of a, and a combination of equations 2 and 8, a

slightly simpler relation than equation 1l is obtained

ten (tan™' L/D .,
a (1 - 3172al)

+ q)
CNa/CA e (14)

Differentiating equation 3 with respect to a (with substitution of
eqs. 1 & 2) and setting equal to zero gives a relation for 0z at which

maximum C, occurs

Cng/Cr (1 - 0g/0,) -1
% tan 0@ = (15)
CNa/CA (1 - ae/2a,)




For glide at an angle Yy, negative below the horizontal, the vertical
force coefficient (in an earth-oriented system rather than body-oriented

or flight-path-oriented, Fig. 1) is

Cy = Cy cos (Yo + @) = Cp sin (y, + @) (16)

Maximizing this with respect to a gives an alternative equation for

aa, of which 15 is a special case for v, = 0,

CNQ/CA (1 - og/oy) =1
CNG/CA (1 - og/20,)

Gg tan (Yo + 0.3) = (17)

This gives the angle of attack at which the maximum vertical ferce is

available to act against the vehicle weight.

One additional relaticaship is obtained frcm inspection
of equation 8. If tan™! (L/D + a) is greater than mT/2, then Cy/C, is
negative, which is illogical. Consequently, we have a constraint on

the logical values of a for a given value of L/D,
o s m/?2 -tan"t L/D (18)
The region of a greater than this quantity is an excluded region.

Figure 2 shows a set of plots of relations 5, 13, and 18 describing
the dependences of L/D on o for vehicles with q, = ® and different

values of L/D he locus of the maxima of L/D vs @ curves for

max ’ t
vehicles with o, = », and finally the boundary of the excluded region,
Fiqure 3 gives the equivalent dependences to L/D on C, from equations

3 and 15, with C_ defined in terms of the ratio to Cpnax
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IV. EQUILIBRIUM GLIDE

A particular vehicle requires the value of one more parameter in
addition to L/Dpgy to define completely its aerodynamic force character-
istics for a point-mass trajectory calculation, That parameter will
most likely be its axial force coefficient, i.e,, its zero-lift drag
coefficient, for subsonic applications or its maximum lift coefficient
for hypersonic applications, For a vehicle in subsonic glide, the
value of C, can be obtained, for example, from the vehicle's terminal
velocity at a constant glide angle (equilibrium glide condition), in

the following manner:

For an equilibrium glide at an angle y, which is measured from the
horizontal and negative downward, the resultant of the aerodynamic forces

in Fig. 1 is equal and directly opposite to the effective weight We,s, i.e.,

L = W,ps COS Yo (19)
D = <Weee sin v, (20)
or L/D = -cot Yo (21)

This relationship is the same as the equality in 18 with & replaced by
- Yo. With L/Dmax in place of L/D, this expression also gives the

minimum equilibrium glide angle. The boundary of the excluded region
in Figure 1 therefore gives the L/D required for equilibrium glide at
an angle Y, reading - Yy, as the abscissa instead of «, or the minimum

glide angle, Y

min? for vehicles with different L/Dmax'

11



From equation 21 and equation 8 we can derive the angle of attack

of the vehicle in this equilibrium glide

Oo = =Yo -cot™? ECNQ/CA) @ (1 - %"&' )} (22)

where the solution a, < @ is chosen. Finally from equation 7 and

equations 19 and 20

Ch =Cp cos @, - C. sin a,
- E;Lt-giﬂ-li cos G, - ﬂ;;;.%e&.lg sin a,
1/2pV°A 1/2pV°A
W -
= Yo =G 23
LT3R SIn-Yo -Go) (23)

If L/Dyax @nd C, are given, then the equilibrium glide velocity

is found from equation 23,

1/2
V= [% (-WAA-L) sin(=Y, -0, )]
A

12




V. RECAPITULATION FOR LINEAR DEPENDENCE OF Cy ON a

In subsonic glide situations, only angles of attack less than
200 are of general interest, In this region of values of a a linear
dependence of Cy on a may be used with little error, giving some simpli-
fication to the equations. The simplified equations are listed below
in the order of their calculation with a description of their method of

solution. The corresponding FORTRAN subroutines are listed in Appendix A.

The angle of attack for L/Dmax

aQ = % sin 2 (tan™! L/Dmax + a) (13")
is a transcendental equation. It is solved by iteration from a first

guess that is very close

~ 1 -1 - 1

x = -5 (ﬂ/2 - tan L/Dmax) = - 5 Ymin (24)
Each iteration input after the first is the average of the input and
output of the previous iteration.

The ratio of the normal-force-coefficient slope to the axial-force

coefficient is a simple direct equation

-1
Cug/Ca = tan (tan”" L/Dpax + @) (141)

251

13



The angle of attack for maximum vertical force (maximum C_ for

horizontal flight)
CNG/CA -1

= (17')
(Cyy/Cr) tan (Y, + 0a)

g

is another transcendental equation to be solved by iteration. The first
guess is

o d

ag = 0.86 - 0.64 Y, (25)

Each iteration input after the first is a value only one-quarter of the
way from the input to the output of the previous iteration, to guarantee

converygence for an otherwise divergent process.

With the above equations as programmed in the subroutines in

/CA:

Appendix A, values are calculated for o;, ag, CNG/CA, CLl/CA, CLmax

CLmax/C°.’ and Ymin? and are listed in Table 1 for the interesting

range of values of L/Dmax' The ratios CLmax/CLl’ C"a/CLmax’ C°1/C“’

and CLmax/C° are plotted in Fig. 4, The values in the Figure are
-] .

more limited in their range than the values in the table, and indeed

the latter three of them are essentially constant for L/Dmax values

greater than 1.0.

With the linear Cy dependence, the angle of attack for equilibrium
glide becomes

G = = Yo = /2 + tan™ ((Cyy/C) o) (22")

The solution to this equation c.n best be shown graphically with the
aid of Figure 2. Reading up from - y,, as the abscissa, to the boundary
curve gives the required L/D. Reading across with this L/D there are

in general two intersections, or none, with an L/D vs a dashed curve,

14
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TABLE I

Cug/Ca
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1675
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3.968
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$.336
60128
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7936
B8.955
10.050
11.223
12475
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18.926
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max
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20.736 «§22 18,43
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294628 +633
31.267 835
32.951 +836
34. 679 8637
364453 838 14.04
450993 843 12,52
56+ 655 o846 11.31
68.439 5345 10.30
81.345 o8 S 9.46
95.373 o B5 8.75
110.523 855 8.13
1264795 854 7.59
144.19¢0 cU5Y 7.13
162+706 cB55 6.71
182.345 856 6.34
203.105 856 €.01
224,988 857 5.70
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FIGURE 4. Linearized Aerodynamic Characteristics of Low L/D Aircraft
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The left, lower @, intersection is of greater interest because it re-
presents an aircraft with a greater velocity excess above stall. Un-
fortunately, a simple iterative process converges on the other inter-
section. Consequently, equation 22' is solved by trial and linear

interpolation with the first two trial values 1/2 &; and 1/4 q,.

The axial force coefficient, or zero-lift drag coefficient, is
given by equation 23 without change. Since the atmospheric density
enters in equation 23, the above set of equations for equilibrium glide

will give different values at different altitudes.

In subsequent flight to an altitude with a different atmospheric
density, the vehicle will require an angle of attack to maintain zero
vertical acceleration (which is not necessarily the same as equilibrium
glide as defined here by equations 19 and 20) given by solution of the

following equation by trial and linear interpolation
(CNG'/CA)G- FA coS (Y 4+ G.) - F/, sin (Y + 0.) - W.“ =0 (26)

The first guess for a is

Q= Wer e ACny/Ch Fr) (27)

If a given glide slope Yy, is to be maintained instead of zero
vertical acceleration, the effective weight, W,s,, is replaced in

equations 26 and 27 by fW,,, where f has a value near 1 given by
£f~1-(y=Yo) (28)

For a flare maneuver requiring a pullup acceleration 9¢ iape’ the

expression
f=1+ If1are (29)

gives very closely the proper flare acceleration.

17



For horizontal flight after a flare, equation 28 is used with

Using the above relations, the performance in the glide, flare, and
landing regimes has been calculated with the IDA program RANGE for general
bisymmetric lifting vehicles with different wing loading and L/Dpax. The

results have been reported in Ref, 6,

18




VI. COMPARISON OF LINEARIZED AERODYNAMIC
CHARACTERISTICS WITH EXPERIMENTAL DATA

Wind-tunnel tests of some bisymmetric thick delta-wing models at
Mach 3, 4.5, and 6, are reported in Ref 1. Equation 13' predicts the
angle of attack o, giving L/Dmax to about 1° accuracy out of 15°.
Equations 17' and 14! predict the C.max @ngle of attack o, about 10

percent low for the most non-linear C, vs a curves,

The X-20 Dyna-Soar vehicle could hardly be called symmetrical
above and below the horizontal plane but it is still interesting to
compare the calculations (linearized equations 13', 14', and 17') with
its behavior measured in wind-tunnel tests (Refs. 4 and 7). The table
below gives the ccmparison. The angles of attack are measured above

the zero-1ift attitude.

Subsonic (L/D ., = 4) Hypersonic (L/D . = 2)

o L} 4 3
Measured 8° 40° 12° 55
Calculated 7° 49° 13° 48°

The relatively poor subsonic agreement in g, is a result of flow sepa-
ration,

Lift/drag data are plotted in Fig. 5 for the above vehicles and for
three others superimposed on the linearized L/D vs a curves from Fig. 2,
The curves reproduce the dependences shown by these data generally within

2 deg of angle of attack,

19



Djog |Bjuswiadx] Yitm $314511245010Y7) d1WDUAPOIRY PaziibauIT 4O uosindwoy) G JINOIS

(sea163p) 0 ‘>P0440 jo 3)Buy
o€ 8¢ 9C 14 [44 0C 8l 91 14} Zl ol 8 y 1 4

(6 43¥) 9°6 HOVW ‘INOD F1ONV 41VH 01 @

(11 439) £8°9 HOVW ‘ONIM V1130-INOD A
(¥ 43¥) DINOSENS “YVOS-VNAQ 3IVOS N B o]
(z 43¥) 98°9 HOVW ‘¥43GNIAD-INOD @

(1 43¥) 0°€ HOVW ‘ONIM V1130 V1S V¥ N




VII. CONCLUSIONS

Useful relations for estimating the aerodynamic force character-
istics of general bisymmetric lifting vehicles in all regimes of
flight can be derived from the assumptions of a linear variation of
the normal force coefficient with angle of attack and an independence
of the axial force coefficient on the angle of attack, Good agreement

with wind-tunnel measurements is observed.,

Some extremely simple rules of thumb are found from the linearized
aerodynamic characteristics relations. In the range of maximum L/D

above 1.0 the following approximate rules hold:

1. The drag at the angle of attack for maximum L/D is very
nearly twice the zero-lift drag, or
Col/CA ~ 2

and
CL’./CA w2 L/Dmax

2. The lift-drag ratio at maximum 1ift coefficient is about

0.8 (cf. Ref. 8), or L/D @ chax ~ 0.8

3. The angle of attack for maximum lift coefficient is about
48 deg, or
Os =+ 48 deg

21



The ratio of the maximum lift coefficient to the lift co-

efficient at maximum L/D is given by

/C, =~0.5+ L/Dma

Cu max L X

and from the first rule above

/Ca ~L/D___ + 2 (L/D,W)2

C max max
The ratio of the normal force slope to the maximum lift de-
greases only from 2.25 per radian at L/Dmax = 1,0 to 1.80 per

radian at L/Dmax = 5.0, so

-1
C"a/c"max ~ 2 rad

For lifting bodies, the hypersonic maximum lift coefficient is
about 0.6 (Refs. 1, 7, and 8), referenced to the planform area,
SO

Cng ~ 1.2 rad™* for lifting bodies.

For cones, the hypersonic maximum lift coefficient is about

1.0 (Refs. 2 and 5), referenced to the base area, so

Cny =~ 2.0 rad”™* for cones.
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APPENDIX A

Calculation of Aerodynamic Force Characteristics Using Equations 13!,

(A

o (7.9 3

14, 24, 17', and 25'; and Program to Generate Table I,

RADANG = 0174532925

DO 7 LOMAX = 1,40

ALFPH1 = 0

CNACA = @

FLDMAX = LDMAX

FLOMAX = @.1 % FLDMAX

GALL FLTCFLDMAX, ALPH1, CNACA)

ALLPH2 = ALP(CNACA,ZERO)

CLI1CA = CNACA % ALPH1 % COSFCALPH1) = SINF(ALPH1)

CLMCA = CNACA * ALPH2 # COSF(CALPH2) = SINF(ALPH2)

CLMCD = TANFC(ATANFC(CNACA * ALPH2) =~ ALPH2)

ALFHID = ALPH1/RADANG

ALI-H2D = ALPH2/RADANG '
PRINT 9, FLDMAX, ALPH1D, ALPH2D, CNACA, CLI1CA» CLMCA, CLMCD
FORMAT CTF18.3) ' '
END

SUBROUTINE FLT(X,Y»C)

Fi & 341415926536

£ = ATANF (X)

IF (B) 4,4,5

Yl = (05 % SINF(2e # (2 ¢ Y)) mecccmccccccccecccccccccacnacnaaax (13%)
IF CABSF(Y!l = Y) = 1.E=-4) 3,3,2

Y (Yl + Y)/2.

GO TO |

ot (Y1 + Y)/2.

= TANFCE ¢ Y)/Yeecmcccccccaaa N it (14")
= Y/(P1/2. = ) :
‘ETURN . *

GO0 TO 1
Y = (PI1/2. = ) » B
GO TO 1
&ND s

FUNCTION ALP(X,Y)

Il = 31415926536

iF CA)Y 6, 65 7

EV = E + Y

£1 8 ( X = 1e)/(X #TANK Y ) )meccccccccccccccccccccccccnccccccaa- (17%)
IF C(ABSF(Z1 = Z) =1.E - 4) 3, 3, 8 c

2= +« (1 - B) » 0.2%

GOTO 1 : ' 0

E = E + (B1 =2) #» 0.25 , ,

IF CZ = PI/2+) S» 5, 4

= = PI/2.

ALP = 2 !

IF CABSF(Y) - «01) 9, 9, 8 ' ’

Z 28 086 = Y * DrbAd~cmcmreccccccccccncccccccccccccaa mrecscccccc (25")
G0 TO 1 g . !
£ =2 G.86 = Y #A . .

GO TO 1 '

Az (Z - 0.86)/(=Y)

RETURN .

A = D.64

END
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